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Abstract. In the setting of generalized class field theory, one has a field K 
with a hyper-class formation C* , a complex of Gi<--modules that plays the role 
of a class formation. Letting C(L) denote H°(Gl,C), there is a distinguished 
cohomology class in H 2 (Gal(L/ K), C(L)), the hyper-fundamental class. In 
this paper, we prove that a group extension of Gal(L/ K) by C'(L) whose 
corresponding cohomology class is the hyper-fundamental class satisfies the 
classical axioms of a Weil group. 



Classically, a Weil group is associated to a field K with a class formation C. 
For any finite Galois extension L/K, it is constructed as a group extension of 
the Galois group Gal(L/K) by the formation module C Gl , whose corresponding 
cohomology class is the canonical generator of H 2 (Ga\(L/K ), C Gl ). That is, the 
Weil group is a "twisted product" of the Galois group and the formation module, 
with a multiplication law defined using a 2-cocycle representing the fundamental 
class. 

The Weil group of a local or global field appears in a variety of arithmetic settings, 
see Tate JH] ; most recently, Lichtenbaum JT] has used the Weil group to construct a 
new cohomology theory for global fields that appears to capture integral arithmetic 
information. Weil-etale cohomology groups are expected to be finitely generated 
over Z, and contain more information than their etale counterparts. Also, special 
values of the zeta functions appear to be genuine Euler products in this cohomology 
theory. The main drawback of the Weil-etale cohomology theory is that it is only 
defined when there is a Weil group, that is, in the comparatively narrow setting of 
class field theory. 

In the 1980's, Bloch, Kato, Saito, and Parshin obtained many new results about 
abelian extensions of fields beyond the classical scope of local and global fields, see 
Raskind ^5] for a survey. In the setting of generalized class field theory in which 
we will place ourselves, we are given a field K with a hyper-class formation C* , a 
complex of Gk -modules that plays the role of a class formation. The purpose of 
this note is to show that given a hyper-class formation, one can construct a Weil 
group for any finite Galois extension, in the classical sense. 

In this exposition, we first review the theory of hyper-class formations as was 
introduced by Koya [xj , and prove some results about the Tate cohomology groups 
H q (G, A'). Here, G is a finite group, and A* is bounded complex of G-modules. 
Using the classical tool of dimension-shifting, we obtain a surprising general result: 
there exists a G-module A such that for any subgroup H C G and any ijeZ, 

H q (H, A') ~ H q {H, A), 

see Proposition 11.141 This result can be used to obtain a new proof of the Tate- 
Nakayama Theorem for complexes ('Theorem 11.15(1 : we also easily see, as in the 
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classical setting, that a hyper-class formation gives rise to a description of the 
abelianized Galois group. 

Next, we include a treatment of the axiomatic construction of the Weil group of a 
class formation, along the lines of Chapter 14 of Artin-Tate [S]. Then, we construct 
a Weil group associated to a field K with a hyper-class formation C* . Letting C(L) 
denote H°(G L ,C), there is a distinguished element of H 2 (Gal(L/K),C(L)), the 
image of the fundamental class, see Definition 12.41 In Thcorem l2.9l we prove that 
a group extension of Gal(L/K) by C(L) corresponding to this distinguished class 
is a Weil group for L/K; dimension-shifting for complexes plays a key role in the 
proof. As in the classical setting, the "Artin map" coming from the hyper-class 
formation can be recovered by abelianizing the Weil group. 

Lastly, we discuss some examples of hyper-class formations, and their associated 
Weil groups. The first new example is associated to a 2-local field, a complete 
discrete valuation field with residue field a local field. Koya |7J showed that Licht- 
enbaum's weight two motivic complex is a hyper-class formation. We explain the 
relationship between a Weil group for a 2-local field and a Weil group for its residue 
field. We have similar results for the Weil group associated to an unramified exten- 
sion of a complete discrete valuation field with residue field a global field. 

The best description of the Weil group of a local or global field can only be 
obtained after passing over a limit of all finite extensions. Conditions are given in 
Chapter 14 of Artin-Tate [5] ensuring the existence of a compatible system of Weil 
groups associated to a topological class formation. Unfortunately, these nontrivial 
topological considerations prevent us from giving such a construction for our new 
examples of Weil groups. If K is a 2-local field, there does not appear to be a 
natural way to make K^K) into a locally compact topological group, see Fesenko 
pH for one approach. For the purposes of arithmetic applications, it will be crucial 
to find a way to pass to the limit. 

Notations: In this exposition, we place ourselves in the derived category when- 
ever it is appropriate. This gives rise to minor differences in the statements of 
certain Definitions and Theorems, compared to Koya [7]. 

Let G be a group. The derived category of G-modules is the category of com- 
plexes of G-modules, up to quasi- isomorphism. If A', then the homology of A', 
denoted H q (A'), is an invariant of the class of A' in the derived category. Given 
an element A* of the derived category of G-modules, we say that A* is bounded 
below if TL q (A* ) vanishes for q small enough. Let A' be a bounded below element 
of the derived category of G-modules. An injective resolution is a complex J* of 
injective G-modules that represents A*. Given any bounded below complex A', 
one can find a complex I' of injectives and a quasi-isomorphism A' — > I'; this 
will also be called an injective resolution. Injective resolutions are used to compute 
right derived functors. The truncation functor, denoted r <ri , is compatible with 
quasi-isomorphisms. That is, truncation is well-defined in the derived category. 
The functor of taking G-invariants will be denoted r(G, — ); its derived functor will 
be denoted RT(G, — ). It has the property that: 

H q {RT(G,A')) = H q (G, A'), 

for all q G Z. These notations are compatible with Weibel, see [201 f° r details. 
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1. Hyper-class formations 

Let K be a field, and Gk its absolute Galois group. The following definition was 
introduced by Koya 0: 

Definition 1.1. Let C* be a bounded below element in the derived category of Gk~ 
modules, acyclic in positive degrees. Suppose that for every finite Galois extension 
L/K, there is an isomorphism invi : H 2 (Gl,C') — ► Q/Z. We say that (C*,{invL}) 
is a hyper-class formation for K if the following axioms are satisfied: 

(1) For every open subgroup Gl of Gk, H 1 (Gl,C) = 0. 

(2) For every pair of open subgroups Gl C Gk' of Gk, with m = [L ; K'}, the 
following diagram commutes: 

H 2 {G K >,C) -555_» H 2 (G L ,C") 

inv K'\ jinvi 
Q/Z > Q/Z. 

Example 1.2. Any class formation gives rise to a hyper-class formation, by con- 
sidering the formation module as a complex concentrated in degree zero. There are 
three main examples of fields with class formations from the classical theory: local 
fields, global fields, and finite fields. For a local field, the multiplicative group of 
the separable closure is a class formation; for a global field, the idele class group 
is a class formation; and, for a finite field, the trivial Galois module Z is a class 
formation. 

Example 1.3. In 7 1, Koya gave the first new example of hyper-class formation 
that is a genuine complex. Let K be a 2-local field, that is, a complete discrete 
valuation field with residue field a local field. Then Lichtenbaum's weight two 
motivic complex Z&(2,K) is a hyper-class formation for K. This complex was 
first constructed by Lichtenbaum in |1U) : it is a two-term complex of Gi<--modules, 
concentrated in degrees —1 and 0. Its homology is K2(K sep ) in degree 0, and 
K\ nd (K sep ) in degree -1. 

The weight two motivic complex fits into a conjectural framework, see Lichten- 
baum |Uj; in this setting, the weight one motivic complex W,£ t (l,K) is the multi- 
plicative group of the separable closure, and Z^(0, K) is the trivial Galois module 
Z, both considered as complexes concentrated in degree zero. So, one should think 
of the hyper-class formation for a 2-local field as the natural extension of the class 
field theory for local and finite fields. 

Example 1.4. More generally, if K is an n- local field, that is, a complete discrete 
valuation field with residue field an (n — l)-local field, then the weight n motivic 
complex is a hyper-class formation for K, see Saito ^B] and Spiess |18j . 

If C is a class formation, then C L is a class module for Gal(L / K) , in the sense of 
Neukirch-Schmidt-Wingberg ^3]. For complexes, we have the following analogous 
notion: 

Definition 1.5. Let G be a finite group. A class complex for G is a bounded 
below element in the derived category of G-modules A* such that for all subgroups 
H C G, ^(H, A') = and H 2 (H,A') is cyclic, of order \H\, generated by the 
restriction of a distinguished generator of H 2 (G, A*). 
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Remark 1.6. If C* is a hyper-class formation for K, and L/K is any finite ex- 
tension, then t <0 RT(Gl, C') is a class complex for Ga\(L/K). The proof, as in 
the corresponding classical statement, follows directly from the axioms using the 
inflation-restriction sequence of Galois cohomology. 

We will denote the canonical generator of H 2 (Gal(L/K ), t <0 RF(G_l, C')) by 
cx-h/Hi and refer to it as the fundamental class. They satisfy the same compatibility 
conditions as their classical counterparts, see Serre 1 7 . 

Remark 1.7. This operation for complexes is the analogue of taking Galois invari- 
ants: if C* is concentrated in degree zero, then r <0 Rr(GL,G*) is also a complex 
concentrated in degree zero, whose entry in degree zero is the G^-invariants of the 
entry in degree zero of C*. 

Remark 1.8. This is closely related to Beilinson's motivic complexes over the 
Zariski site. Let K be a field, and L/K a Galois extension. Beilinson's weight 
two motivic complex Zg(2, L) is a two-term complex of Gal(L/if)-modules con- 
centrated in degrees —1 and 0. Its homology is K 2 (L) in degree 0, and Kl nd (L) in 
degree —1. As noted by Lichtenbaum j^j, the weight two Zariski motivic complex 
can be realized as the "Galois invariants" of the weight two etale motivic complex: 

Z B (2,L)=T i0 BT(G L ,Zt t (2,K)). 

Example 1.9. Let K be a complete discrete valuation field with residue field a 
global field, and let L/K be a finite Galois extension. There is a form of class 
field theory for K: one can form an "idele complex" using a lifting construction 
of Kato [H] and the weight two Zariski motivic complex. This element of the 
derived category of Ga\(L/K- modules satisfies Galois descent, in the sense that 
T <g ~RT(G&\(L/K),I(L) m ) is quasi-isomorphic to I(K)'. If L/K is unramified, then 
the mapping cone of Z^(2, L) — > I{L)° is a formation complex for L/K, see pQ. 

Remark 1.10. Classically, the Tate cohomology groups are at the heart of the 
cohomological interpretation of class field theory. We will see that a hyper-class 
formation gives rise to an Artin map using Tate cohomology of complexes. 

When G is a finite group, we use the standard two-sided resolution P. of Z as a 
G-module to define Tate cohomology groups, see Neukirch-Schmidt-Wingberg [U . 
The following definition was made by Koya 0: 

Definition 1.11. Let G be a finite group, A' a bounded complex of G-modules, 
and P. the standard two-sided resolution of Z as a G-module. The Tate cohomology 
group H q (G, A') for q £ Z is defined to be the q th total homology of the double 
complex: 

Hom G (P., A*). 

Remark 1.12. The assumption that A' is a bounded complex, that is, that A' has 
only finitely many non-zero entries, is necessary for the convergence of the spectral 
sequence associated to the double complex. If A' is a complex that is zero in degree 
larger than n, then 

H q {G,A') ~H«(RT(G,A')) =H q (G,A m ) 
for all q > n. Furthermore, we have that 

H n (G,A') ^H n (RT(G,A'))/NH n (A'), 
see Theorem 1.2 of Koya jjj. 
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Remark 1.13. Let A be a G- module, and consider A as a complex concentrated 
in degree zero. Let A[l] denote the shift of this complex down by one; then 

H q (G,A[l]) = H q+1 (G,A). 

Dimension-shifting implies that we can produce a G-module A' such that 

H q (G, A') ~ H q (G,A[l]). 

We can construct such a modules by imbedding A in an injective module I and 
letting A' be the cokernel. In the language of complexes, we have that A[l] is 
quasi-isomorphic to I — » A', considered as a complex concentrated in degrees —1 
and 0. We can compute the total homology of the corresponding double complex 
by first taking vertical differentials. But I is injective, so H q (G, I) = for all q € Z. 
Therefore, the spectral sequence degenerates after one step, giving that 

H q {G, A[l}) ~ H q (G, I -> A')~ H q (G, A'). 

For complexes in general, we have the following result: 

Proposition 1.14 (Dimension-shifting for complexes). Let G be a finite group and 
A* a bounded complex of G-modules. Then there exists a G-module A 1 such that 
for any subgroup H of G, 

H q (H, A') ~ H q (H, A') 

for all q G Z. 

Proof. Choose an injective resolution A* — » I' . Since A' is bounded, we can 
choose 7* to be bounded below. Suppose that A' is zero above degree n, so that 
the truncated complex T <n I* is quasi-isomorphic to A* . For any subgroup H of G, 
we have: 

H q (H, A') ~ H q (H, r< n I*). 
On the other hand, T <n I* is a complex whose terms are all injective, except the 
n th term, call it A. By definition, H q (H,T <n I') is the q th total homology of the 
double complex Hom#(P., r <n I*). Taking vertical differentials, we see that the 
spectral sequence computing the homology collapses after one step. Therefore, we 
have that 

H q (H,A') ~H q (H,r< n r) ~H q+n (H,A). 

Then we can use standard dimension-shifting techniques for modules to find A' as 
in the Proposition. □ 

In a certain sense, this explains why one can construct a Weil group associated 
to a hyper-class formation: at every finite level, we have a class module at our 
disposal, see Remark l^fil 

One can also use dimension-shifting to reduce the following to the classical Tate- 
Nakayama Theorem: 

Theorem 1.15 (Tate-Nakayama for complexes). Let G be a finite group, and 

A' ®B' -► C* 

be a G-pairing of bounded complexes of G-modules, and let a be an element of 
H P (G, A'). Then for all subgroups H CG, cupping with Resir(a) induces a homo- 
morphism 

c(a) q , H : H q (H, B*) -► H"+ q (H, C') 
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for all q E Z. Suppose that for some qo G Z and every Sylow subgroup H C G, 
c(a) go _i,_f/ is surjective, c(a) qo .H is bijective, and c{a) qo +i^H is injective. Then 
c(a)q,H is an isomorphism for all q eZ and aH H C G. 

Corollary 1.16. TTim. 6] LetL/K be a finite Galois extension, and A' a class 
complex for G&l(L/K), with a the distinguished generator of H 2 (G&\(L/K), A'). 
Then 

•URe SjE (a) :H q (Gal(L/E),Z) — ► H q+2 (Gal(L/ E), A') 
is an isomorphism for all q S Z and aZZ intermediate fields E. 

As in the classical setting, Corollary 11.161 allows one to construct an Artin map 
associated to the hyper-class formation, as the inverse of a cup product on Tate 
cohomology. More precisely, if oll/k is the fundamental class, we have an isomor- 
phism: 

■ U a L/K : H- 2 (Gal(L/K),Z) — ► H°(Gal(L/K),T i0 BT(G L , C')). 

The inverse to this cup product isomorphism gives rise to an "Artin map" in the 
limit: 

C{K) — > Gt, 
where C{K) denotes H°{G K , C'). 

Example 1.17. Let if be a 2-local field, then the weight two motivic complex 
Zit(2, K) is a hyper-class formation, see Remark 1 1.31 In this case, the Artin map 
provides a map between G°^ and 

H°(G K ,Zst(2, K)) = H\RT{G K ^et{2, K))) = H°(Z B {2 1 K)), 

where Zb(2,K) is the Zariski version of the weight two motivic complex. The 
last equality holds because Zg(2, K) can be realized as t <0 RT(Gk, ^et(2, K)), see 
Remark Ol 

But, we have that H°(Z B (2,K)) = K 2 (K), so that if if is a 2-local field, then 
there is an Artin map: 

K 2 {K) — » Gf, 

In fact, if F is the residue field of K, then we have a commutative square: 

K 2 (K) > Gf 

I I 

F x > Gf, 

where the horizontal maps are Artin maps, and the first vertical map is the tame 
symbol, see Milnor 12 . This diagram commutes because the fundamental classes 
for K are compatible with the fundamental classes for the residue field F under a 
boundary map that exists on the level of motivic complexes. 

2. Weil groups 

In this Section, we first review the classical axiomatic construction of the Weil 
group associated to a field with a class formation. Then, we show how one can also 
associate a Weil group to a field with a hyper-class formation. 

The primary object of study in this Section will be group extensions. If G is a 
finite group, and A is a G-module, then an extension of G by A is an exact sequence: 

1->A — >U — >G->1. 
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It is well-known that extensions of G by A up to equivalence arc in one-to-one 
correspondence with classes in H 2 (G, A), see § VII. 3 of Serre |17| . 

Let K be a field, and C a class formation for K. Let L/K be a finite Galois 
extension, and let C(L) denote C Gl . Let 0,1,1 k be the fundamental class, the 
canonical generator of H 2 (G&\(L / K), C(L)). 

Definition 2.1. A Weil group (Weil(L/K), g, {/ e }) for L/K consists of: 

(1) A group Weil(L/K), referred to as the Weil group; 

(2) A homomorphism g of Weil(X/A") onto Gal(L/K); 

(3) And, for each intermediate field E, an isomorphism 

f E ■■ C{E) w Weil(L/£0/Weil(L/£O c , 
where Wei\(L/E) is defined to be g' 1 (Gal(L / 'E)); 
such that, 

(1) For each intermediate extension E' /E, the following diagram commutes: 
C(E) — WcH(L/E)/Wcii(L/E) c 



C(.E') — ^ Weil(i/E')/Weil(£/£;') c , 
where V is a transfer map; 
(2) For every w G Weil(L/-ftf), with a = g(w) E Gal(L/K), we have that 
~Weil(L/E) w is Weil(L / 'E°) for every intermediate field E; and the following 
diagram commutes: 

C(E) — Weil(L/£;)/Weil(L/£;) c 



C(E CT ) /e " ) Weil(L/ J B CT )/Weil(L/ J B CT ) c , 

where the second vertical map denotes conjugation by w; 

(3) For any group G with a subgroup H of finite index, there is a natural group 
extension, called the factor subgroup extension, given by: 

1 -> ff/iT -> G/iJ c G/iJ 1; 

for every intermediate Galois extension E'/E, we have that Weil(L/-E') 
is a subgroup of finite index in Weil(i/£'), with Weil(L/S)/Weil(L/£") 
isomorphic to Gal(E' / E) via g; then the factor subgroup extension: 

1 -> C(J5') -> Weil(L/ J B)/Weil(L/£; / ) c -> Gal(E'/E) -> 1. 

corresponds to the fundamental class Q-e' IE\ 

(4) And, Weil(L/L) is abelian. 

Remark 2.2. Applying the axioms, we see that Weil(L/-ftT) is an extension of 
Gal(L/K) by C(L), corresponding to the fundamental class czl/k- I n fact, any 
extension 

1 — ► C(L) ► Weil{L/K) G&\{L/K) — ► 1 

corresponding to a^/K gives rise to a candidate for a Weil group. So, one should 
think of the Weil group as another manifestation of the fundamental class. 
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For any intermediate field E, we have the subextension 

Wei\(L/E) = fli-^GalfL/B)) 

This group extension has corresponding cohomology class Res(oj,/#-) = 

Furthermore, for every intermediate field E, we have that the transfer map 

V : Wci\{L/E)/Wcil(L/E) c — ► C{L) 

induces an isomorphism of Weil(L/£;)/Weil(i/£;) c with C {L) GaX(L / E *> = C(E), see 
Chapter 12 of Artin-Tate 2 . A transfer map exists for any group G with a subgroup 
H of finite index; it is a map 

V : G/G c — ► H/H c 

that behaves like a norm map. 

Theorem 2.3. [2, Ch. H, Thru. 1] Let K be a field with a class formation C , and 
L/K a finite Galois extension. There exists a Weil group (WeH(L/K), g, {/e})- 

Proof. As in Remark 12 .21 we choose an extension 

1 — > C(L) ► WeH(L/K) — B —^ GaX{L/K) — ► 1, 

whose corresponding cohomology class is the fundamental class oil IK- Then we 
have isomorphisms 

f E : C{E) w Weil(L/£0/Weil(L/£O c , 

given as the inverses of the appropriate transfer maps. 

Let E' / E be an intermediate extension. The first axiom follows from the com- 
mutative diagram: 

C(E) Wci\(L/E)/Wei\(L/E) c 

incl j [ V 

C(E') i V Weil(L/E')/Weil(L/E') c . 

Let w S Wei\(L/K), and put a = g(w). Let E be an intermediate field. The 
second axiom follows from the commutative diagram: 

C{E) < V Wei\(L/E)/Wci\(L/E) c 

C(E a ) < V Wci\(L/E a )/Wci\(L/E a ) c . 

The third property follows from an analysis of factor subgroup extensions. Let 
a G H 2 (Gal(E' / E),C(E')) be the class corresponding to the extension: 

1 -» C(E') -> Weil(i/ J B)/Weil(i/ J B') C ^ Gal(E'/E) -> 1. 

Then by Theorem 6 of Chapter 13 in Artin-Tate we have that 

Infl(a) = |E' : E\ ■ a L/E . 

This is enough to imply that a is the fundamental class a E > /e- 

Finally, the fourth property to is trivial to verify; by construction, Weil(L/L) is 
.g-^l), which is C(L). □ 
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Next, we present a construction of a Weil group associated to a field K with 
a hyper-class formation C* . Let L/K be a finite Galois extension, and let C(L)' 
denote t <0 KT(Gl, C). Recall that C(L)' is a class complex for L/K; the funda- 
mental class otL/K is the canonical generator of H 2 (Gal(L/K), C(L)'). We have 
the standard spectral sequence: 

= H q (Gal(L/K),H p (C(L)')) =^ H p+q (Gal(L/K), C{L) m ). 

Let C(L) denote H°(C(L)') = H°(G L , C); there is an edge morphism: 

H 2 (G&l(L/K),C(L)') — > H 2 (Gal(L/K),C(L)), 

see Weibel HJ. 

Definition 2.4. The hyper-fundamental class Pl/k is defined to be the image 
of the fundamental class ctL/K m H 2 (Ga\(L/K), C(L)) under the edge morphism 
coming from the standard spectral sequence. 

We proceed as before, and make the following construction: 
Definition 2.5. Let Weil(L/K) be a group extension 

f — ► C(L) ► WeH(L/K) — » Gal(L/K) — ► 1 

whose corresponding cohomology class is the hyper- fundamental class Pl/k- 

Remark 2.6. Using dimension-shifting (Proposition If . f 4)l . we have a Ga\(L/K)- 
module A(L) such that 

H q (Gal(L/E), C(L)') ~ H q (Gal(L / E) , A{L)) 

for all q G Z and all intermediate fields E. We recall the construction of A(L): 
choose an injective resolution C(L) m — > I(L) m and let be the entry in degree 

zero of T <0 I m . Note that C(L) is naturally identified with the cokernel of the map 
I(L)^ 1 — > and we can obtain the hyper-fundamental class Pl/k as in the 

image of a L j K under the induced map 

H 2 (Gal(L/K), A(L)) -+ H 2 (G&l(L/K ), C(L)). 

Lemma 2.7. Let L/K be a finite Galois extension, E an intermediate field, and 
Weil(L/K) a group extension corresponding to the hyper-fundamental class (3l/k- 
Then the subgroup extension g~ 1 (G&\(L/E)) has corresponding cohomology class 
Ph IE- 
Proof . There is a map of group extensions: 

— > C(L) > g~ l {G&\{L/E)) — B —^ G&\{L/E) — ►! 



— > C(L) > WeH(L/K) — — > Gal{L/K) — > 1. 

From this, we can conclude that the cohomology class of the top extension is the 
restriction of the class of the bottom extension. But, 

a L /E = Res(a L/x ), 

which implies that the cohomology class corresponding to the top extension is the 
image of ollie- D 
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The most basic property of a Weil group in the classical setting is that its abelian- 
ization is the module of the class formation. In this setting, we have the following: 

Proposition 2.8. Let L/K be a finite Galois extension, and E an intermediate 
field. Then there is an isomorphism: 

f E ■ C{E) w Wcil(L/£0/Weil(L/£O c , 
where C{E) = H°(G E ,C m ). 

Proof. We can use our injective resolution I(L)° to compute 
C{E) =H (RT(G8l\(L/E),C(L)')). 

We see that: 

C(E) = coker[(/(i)- 1 ) Gal ( i / B ) - A(L) G ^ L ' E ^ 

Let XJ(L/E) be an extension of Gal(L/_E) by A(L) corresponding to a L / E . Because 
A{L) is a class module for L/E, we have that the transfer map 

V : V(L/E)/\J(L/E) C -> A{L) GaX{L/E) 

is an isomorphism, see Theorem 4 of Chapter 12 in Artin-Tate Let e E be the 
inverse of this transfer map. We have a map of group extensions: 



1 



>A(L) 



>C(L) 



XJ(L/E) 



Weil(£/J5) 



G&\{L/E)- 



GaX{L/E) — ► 1, 



which induces a surjection: 

A ^G a l(L/E) w jj( L /e)/U{L/E) c Weil(L/E)/Weil{L/E) c . 

To prove the Proposition, we will show that the kernel of this map can be identified 
with (7(i)- 1 ) Gal ( L / B ). 

By a simple diagram chase, we can identify the kernel with: 



iY|lm[l(L) _1 — > A(L)] 



Im 
Im 



N(liL)- 1 ) -» A(L) G ^ L / E ^ 



where the last equality follows because I(L) 1 is injective. So, e E gives rise to the 
desired isomorphism 



f E : C{E) pa Weil(L/£;)/Weil(L/£;) c 



□ 



Theorem 2.9. The collection (Wei\(L/K),g,{f E }) associated to a field K with a 
hyper-class formation C* satisfies the axioms for a Weil group. 

Proof. Verification of the axioms follows along the lines of Theorem 12. 31 The first 
two axioms follow from naturality of the transfer map, the third follows from some 
compatibility between hyper-fundamental classes, and the last is trivial. 
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Let E/E' be an intermediate extension. The first axiom follows from the com- 
mutative diagram: 



A ^GeX(L/E) 



incl 



A ( L jGal(L/E') 



V(L/E)/V(L/E) C 



Weil{L/E)/Weil(L/E) c 



U(L/E')/V(L/E') C — > Weil(L/E')/Weil(L/E) c 



Let w £ Wei\(L/K), and put a = g(w). Let u £ U(L/K) be any lift of w, and 
let E be an intermediate field. The second axioms follows from the commutative 



squares: 



and 



A ^Ga\(L/E) ( v 

<7 

A ( L jG*\(L/E°) , V 

\J(L/E)/XJ(L/Ey 



\J(L/E rT )/\J(L/E a ) 



V{L/E)/V(L/E) C 



\5{L/E°)/V{L/E°), 
Weil(L/E)/Wcil(L/EY 

l w 

We\\{L / E a ) /Wc\\{L / E a ) 



The third axiom is perhaps the most interesting, because implies that a Weil 
group for L/K gives rise to a Weil group for any intermediate extension E' /E. It 
can be thought of as a "compatibility condition" for the hyper-fundamental classes. 
However, in general there is no natural map between H 2 (Gal(E' / E) , C(E)) and 
H 2 (Gal(L/E),C(L)). 

Let (3 denote the cohomology class of the factor subgroup extension: 



1 -f C(E') -» Wcil(i/£;)/Weil(L/£;') c 
We have a map of group extensions: 

1 -» A{L) GaX ( L ' E ') — > \J(L/E)/V(L/E') C 



Gal(E'/E) -» 1 



Gal(E'/E) 



1-* C(E') — > Weil(L/E)/Weil(L/E') c — ► Gal(E'/E) -f 1. 

Let a denote the cohomology class of the top extension. By generalities on factor 
subgroup extensions, we have that 

Infl(a) = [L : E'] ■ a L/E . 

On the other hand, we have a commutative diagram: 



H 2 (Gal(E'/E), C(E')*) 



Infl 



H 2 (G&\(L/E),C(L)') 



H 2 (Gal(E'/E), A(L) Ga ^ L / E '^) 



infl 



H 2 (Gal{L/E),A(L)), 



where the vertical maps are induced by the natural map 

A(L)^C(L)\ 
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Now, the axioms for a hyper-class formation imply that the top inflation map is 
multiplication by [L : E'] . That is, the class a must be mapped to the fundamental 
class a E '/E 6 H 2 (G&\(E'/E), C{E')'). 
But the natural map 

H 2 {G&\{E' /E), A{L) G ^ L I E '^) -> H 2 (G&\(E'/E),C(E')) 

coming from the surjection A(L) Gal ( L / E > — > C(E') factors as a composition: 

H 2 (G&\(E'/E),A{L) G ^ L / E '^ H 2 (Gal(E'/E),C(E')') 

— » tf 2 (Gal(£7.E),C7(.E')) 
where is second map is an edge morphism. This means precisely that [3 is the 
image of the fundamental class ole'/e'i that is, that (3 is the hyper- fundamental 
class Pe'/e- 

Finally, the fourth axiom is trivial by construction Weil(L/L) = g~ l (l) = C(L) 
is abelian. □ 

Remark 2.10. Because the Weil group of a hyper-class formation satisfies the 
classical axioms, we can conclude that it is unique up to Weil isomorphism, see 
Chapter 14 of Artin-Tate In particular, our construction does not depend in 
an essential way on the choice of injective resolution. 

Remark 2.11. The most remarkable property of the Weil group is that it captures 
the Artin map in a natural way, see Theorem 5 of Chapter 14 in Artin-Tate jz]- If 
L/K is a finite Galois extension, then the Artin map for L/K is given by: 

C(K)/NC(L) — f -IL^ Weil(i/if)/(Weil(L/i) • Wei\(L/K) c ) w G&\{L/K) ab . 

3. Examples 

The purpose of this Section is to describe the Weil groups associated to the two 
examples of hyper-class formations, and their connection to the classical examples 
of Weil groups. 

Example 3.1. Let l/k be a finite Galois extension of finite fields. The Weil 
group Weil(7/fc) is completely determined by the degree n = [I : k]. In this case, 
Gal(//fc) ~ —Z/Z, and Weil(Z/fc) is an extension of ^Z/Z by Z. Because the Galois 
group is abelian, and it acts trivially on Z, it follows directly from the axioms that 
the Weil group for l/k is the extension: 

— > Z — > -Z — > -Z/Z — > 0. 
n n 

Example 3.2. Let E/F be a finite Galois extension of local fields, with residue 
field extension l/k. Then Wei\(E/F) will be a group extension of Gal(E/F) by 
E x . There is a map of group extensions: 

1 ► E x ► Weil(E/F) > Gal{E/F) ► 1 

> Z ► Weil(l/k) > Gal(//fc) > 1. 

For E/F unramified, this follows directly from the proof of local class field theory 
given in § XIII. 3 of Serre J7j: the isomorphism 

H 2 (G&l{E/F),E x ) H 2 (G&l(l/k),Z) 
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is used to define the fundamental class cxe/f- Using properties of group extensions, 
the fact that ole/f maps to ai/k under ve* is enough to imply the existence a map 
from Weil(E/F) to Weil(7/fc) making the diagram commute. 

If E/F is any finite Galois extension, we let E' be the maximal unramified 
extension of F contained in E. Then there is a commutative diagram: 

1 > E' x > Weil(E'/F) > Gal(E'/F) > 1 

VE i 1 ii 

> Z > Weil(//fe) > Gal(Z/fc) ► 1. 

But, we can use the third axiom to relate Weil(E' / F) with Weil(E/F). More pre- 
cisely, we can obtain Weil(E'/F) from Weil(E/F) as a factor subgroup extension. 
This amounts to a commutative diagram: 

1 > E x > Wei\(E/F) > Gal(E/F) > 

N ^'[ 1 1 

1 > E' x ► Weil(£"/F) > Gal(£'/.F) > 0. 

Then the original claim follows by putting together the diagrams, along with the 
well-known fact that ve — Ve' ° Ne/e> (see § II. 2 of Serre |17j ). 

Example 3.3. Let K be a 2-local field, that is, a complete discrete valuation field 
with residue field a local field, and let L/K be a finite Galois extension. Then the 
weight two Zariski motivic complex Zs(2, L) (see Remark 1 1.811 is a formation com- 
plex for L/K. So, the associated Weil group Weil(L/K) will be a group extension 
of Ga\(L/K) by H°(Z B (2,L)) = K 2 (L). Let E/F be the residue field extension, 
and assume that this extension is separable. As before, there is a map of group 
extensions: 

1 ► K 2 (L) ► Wei\(L/K) > Gal(L/K) > 1 




1 > E x > Wei\(E/F) > Gal(E/F) > 1, 

where 8l denotes the tame symbol. 

This can be proven using the method of the previous example. The unramified 
case follows from the proof of class field theory for 2-local fields. The general case 
follows from the axioms, and the fact that if L/L' is a totally ramified extension, 
then 5 L = S L > o N L / L ,, see Lemma 16 of § 1.7 in Kato 

Example 3.4. Let K he & complete discrete valuation field with residue field a 
global field, and let L/K be a finite unramified extension with residue field extension 
E/F. Then the "idele class complex" C(L)* is a formation complex for L/K, and 
the associated Weil group Weil(L/K) will be a group extension of Gal(L/K) by 
Kato's -ftf 2 -idele class group C 2 (L), see [Hi- 
lt follows directly from the computations in that there is a map of group 
extensions: 

1 > C 2 (L) ► Weil(i/Jf) > Gal(L/K) > 1 

n " 5 4 1 H 
1 ► C{E) ► Wei\(E/F) > Gal(E/F) > 1, 
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where C(E) is the usual idele class group associated to a global field E, and 8^ 
denotes the local tame symbol. 
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